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Abstract

In this paper, a novel classification algorithm called
MRC-Boosting is proposed. Through aggregating
Maximal-Rejection-Classifier features under boosting
framework, this algorithm can deal with complicated
two-class classification problem, especially the category
called target detection problem where a target class
should be discriminated from the surrounding clutter class.
MRC-Boosting is efficient since unlike many other boosting
based algorithms, at each iteration the optimal feature is
computed in closed-form, with neither exhaustive search
nor time-consuming numerical optimization. Furthermore,
a variant of MRC-Boosting is derived and applied to face
recognition.  This variant MRC-Boosting algorithm is
able to utilize large amount of training samples efficiently,
overcoming the difficulty faced by other algorithms like
AdaBoost. The effectiveness of the proposed algorithm is
validated by face recognition experiments on CMU-PIE
database.

1 Introduction

As a problem with theoretical importance and wide ap-
plications, automatic face recognition has been actively in-
vestigated in the computer vision and pattern recognition
community for a long time. Since the well-known Eigen-
face method [11][13], many methods have emerged dur-
ing the past decades, among which an influential one is the
Bayesian method proposed by Moghaddam and Pentlend
[6]. The essential idea of Bayesian method is converting
face recognition to a two-class discrimination problem for
face variation, i.e. classifying the difference between two
face images as intra-personal or extra-personal. This frame-
work directly models the variation of face images which is
most critical for recognition, although it is simple and easy
to implement, it outperforms many conventional methods.
The original Bayesian method assumes Gaussian distribu-

tion for both the intra-personal and extra-personal differ-
ences. However, due to the complicated variation that hu-
man faces may have, this assumption may not be valid, thus
the Bayesian classifier learned assuming Gaussian distribu-
tion for the two classes may not be good enough.

Following such a framework of recognizing faces by dis-
criminating differences, recently more sophisticated classi-
fiers such as SVM [4] and AdaBoost [3][15] have been em-
ployed to solve this problem. AdaBoost is a simple way
to build a strong classifier from weak classifiers. However,
each iteration of AdaBoost involves searching a large pool
of candidate weak classifiers, which is very computationally
expensive. On the other hand, this scheme also restricts the
best classifier that can be sought (since the chosen classi-
fiers must come from the pool), if the pool does not contain
classifiers that are discriminative for the classes under con-
sideration, AdaBoost cannot perform well. Moreover, in the
works applying AdaBoost to face recognition [3][15], an-
other difficulty faced by this algorithm is the huge number
of training samples. In both [3] and [15], resampling strat-
egy is employed to select a small part of samples for train-
ing at a time. Although directly utilizing the whole training
sample set is preferable, it is infeasible for AdaBoost to do
SO.

In this paper, we are going to show that the face differ-
ence discrimination problem belongs to the category called
target detection, where a target class should be separated
from the surrounding clutter class. An effective algorithm to
tackle problems of this category, namely MRC-Boosting, is
proposed, which aggregates Maximal-Rejection-Classifier
[1] features in boosting framework. The merit of this algo-
rithm is that at each iteration, it computes the most discrim-
inative feature in closed-form, i.e. there is no exhaustive
search (like AdaBoost) or numerical optimization (like KL-
Boosting [5]) involved. Furthermore, a variant of MRC-
Boosting for face recognition is derived, which is able to
directly utilize the whole training sample set in an efficient
way, thus overcome the difficulty faced by other algorithms
such as AdaBoost.



In section 2, we first briefly review Maximal-Rejection-
Classier and generalize it to weighted case, then propose
MRC-Boosting algorithm. In section 3, face recognition
is analyzed as a target detection problem, and a variant of
MRC-Boosting which is very efficient for this problem is
then derived. Section 4 will present experiments on CMU-
PIE database which validate the effectiveness of the pro-
posed method. Following is section 5 where the proposed
method is compared to related methods and section 6 con-
cludes.

2 MRC-Boosting
2.1 Maximal-Rejection-Classifier (MRC)

Classification is a core problem of pattern recognition,
for which linear classifiers are one of the simplest and
fastest solution. Well-known Fisher Linear Discriminant
(FLD) assumes that the two classes to be discriminated are
linearly separable (or nearly so). But for many practical
problems, it may not be the case. One important category
of classification problem is “target detection”, where two
classes to be discriminated are called the “target” and the
“clutter”. In the feature space, the samples from the tar-
get class are surrounded by clutter samples. The goal is
to separate (detect) the target from the clutter. Clearly, in
this case the two classes are completely not linearly sep-
arable. Elad et al [1] proposed an effective method, called
Maximal-Rejection-Classifier (MRC) to solve this problem.
MRC is a linear-based classifier which is able to deal with
non-linearly separable two class problem. The formula-
tion of this method is similar to that of FLD, the differ-
ence lies in the criterion function. Instead of minimizing the
within-class scatter while maximizing between-class scatter
as FLD does, MRC tries to find the projection vector which
minimizes target scatter while maximizes clutter scatter.
Formally, it seeks a vector w minimizing a functional:
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w = argmin
w

where mx and R x are the mean and covariance matrix of
the target class X respectively, my and Ry are those of
clutter class Y. In the case that both X and Y have zero
means, (1) can be equivalently written as:
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Note that the R x in the denominator is also dropped, it
is easy to verify that this does not affect the solution. Just
like FLD, the functional to be minimized is a generalized
Rayleigh quotient, and the optimal w can be found through
solving a generalized eigenvalue problem and picking the

eigenvector associated with the smallest eigenvalue. Intu-
itively, this formulation makes sense since it tries to find a
projection vector on which the target “shrinks” as much as
possible, and the clutter is pushed apart as possible, so that
the overlapping between the target and the clutter is mini-
mized. Note that in the target detection scenario, it is im-
possible to separate the two classes on any projection vector
(thus FLD cannot work well), the vector sought by MRC is
the optimal one in the sense that it may achieve minimal
classification error rate.

After finding the optimal projection vector w, samples
from both classes are projected to w, then two threshold
values 77 and 75 are picked so that as many as possi-
ble clutter samples are rejected while retaining all target
samples, see Figure 1. Note that since two thresholds are
used, the decision region for the target using one MRC, i.e.
{x T <wlx < Tg}, is the region between two parallel
hyperplanes, therefore MRC is not a linear classifier, but
linear-based [1].

Clutter
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T, T>

Figure 1. Maximal-Rejection-Classifier

2.2 Weighted MRC

Original MRC assumes the contribution of each
sample is equal, it can be generalized to the case
that each sample carries some weight thus the sam-
ple set represents the underlying distribution of the
two classes. Supposing we have a target sample set

{X1,X2, -, XNy} With weights {wff,wg(, e wﬁx}
for each x;(i=1,2,...,Nx) respectively, also a
clutter sample set {yi,y2,---,¥n,} and weights
{w}/, wd, - ,w}\/,y } Since the weights represents a prob-

ability distribution, we have Zfixl wX + Zjvz"l w}/ =1.
With the weights, the covariance matrices of two
classes are estimated by Rx = Y% wXx;x7 and
Ry = Z;V:Yl w}/yjij. For the simplicity of presentation,
we still assume that both classes are of zero-mean. With
such definitions, the expression given by (2) is directly

applicable to find a weighted MRC.



2.3 MRC-Boosting

Boosting is an effective framework to construct a strong
classifier by combining weak component classifiers. The
most popular boosting algorithm, AdaBoost, iteratively
adds weak classifiers into the ensemble, focusing on most
informative samples which are not classified well by previ-
ously added classifiers. This is done by giving each sample
a weight and reweighting each sample at each iteration ac-
cording to whether it is correctly classified or not at previ-
ous iteration. With AdaBoost, the training error of the clas-
sifier ensemble can be made arbitrarily low. AdaBoost is a
simple and effective way to build a powerful classifier, but
its performance and efficiency largely depends on the what
weak classifiers are employed. In most literatures which
apply AdaBoost to computer vision problems [14][3][15],
the “optimal” weak classifiers are found through searching
a huge pool (e.g. 52,374 in [3], 60,480 for [15]) of can-
didate classifiers, and selecting the one with minimal error
rate. This is not only time consuming, but also suboptimal,
since the candidate pool restricts the classifiers that can be
used. Liu and Shum [5] proposed KL-Boosting algorithm
which is able to find an optimal linear feature at each iter-
ation, thus a strong classifier can be built with much fewer
weak classifiers compared to AdaBoost. However, taking
KL divergence between the two classes’ marginal distribu-
tions as the goal function, KL-Boosting algorithm has to
employ numerical optimization to find such optimal classi-
fiers which is also computationally expensive. Tu et al [12]
proposed Fisher-Boosting method employing FLD as weak
classifiers, which can be calculated efficiently. However,
FLD can not work well for highly non-linearly separable
classes such as those in the target detection problem. There-
fore, it is not likely to build an effective classifier using
Fisher-Boosting for such problems. On the contrary, MRC
has the capability of dealing with such non-linearly separa-
ble cases. Furthermore, weighted MRC’s can be aggregated
in a way similar to AdaBoost to construct a strong classi-
fier which is able to tackle complex, target detection like
classification problems. This leads to the MRC-Boosting
algorithm, which can be used to discriminate the target (de-
noted by class label +1) from the clutter (denoted by —1),
as shown in Figure 2.

Note that original MRC [1] can only construct a convex
(more precisely, a parallelogram polytope) decision region
for the target class since the component MRC’s are simply
combined using AND rule. Whereas in MRC-Boosting, the
component MRC’s are aggregated through weighted voting,
so that more sophisticated decision bound can be formed.

IFor the simplicity of presentation, here we assume zero-mean for both
classes, and the general case contains terms related to the weighted means
and is also easy to compute.

Given: {(x;,¢;),i=1,2,---,N :x; € R%, ¢; € {+1,-1}}
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and N~ are the numbers of the target and clutter sam-
ples, respectively. The maximal number of weak clas-
sifiers K.

1. Initialize: w; = { where N+t

2. Fork=1,2,--- K

(a) Find optimal weighted MRC vector w through
solving (2), where Ry = Y, w;x;x! and

1:ci=+1
Z U)Z'XZ'XIT. !
t:c;=—1

Ry =

(b) Obtain a weak classifier:

. _ +1 T <wix<Th
fk (XawaTlvTQ)—{ -1 ,6186

T, and T; are determined by minimizing classi-

N
fication error e, = > wil (fi (x;) # ).
i=1
(c) Updating weights:
w; — g-wi exp [~axci fi (%)),
1

ap = iln% and Z; is a normalization

N
factor to ensure > ." , w; = 1.

where

Output: Strong classifier F'(x) = sgn [G (x)] where the
classification function is G (x) = Zle o fr (x).

Figure 2. MRC-Boosting algorithm

3 Efficient face recognition with MRC-
Boosting

3.1 Face recognition as target detection

Bayesian method for face recognition [6] is among the
most influential ones proposed in the recent years. The es-
sential idea of Bayesian method is converting face recog-
nition to a two-class discrimination problem for face varia-
tion, i.e. classifying the difference between two face im-
ages as intra-personal or extra-personal. In [6], the two
categories are modeled using Gaussian distribution, and a
Bayesian classifier is constructed. With Bayesian method,
face recognition is performed with MAP or Maximum-
Likelihood principle, and this can be efficiently imple-
mented as an enhanced eigenface algorithm. Since this
method directly models the variation of face images which



is most critical for recognition, although it is simple and
easy to implement, it outperforms many conventional meth-
ods. The main drawback of Bayesian method is that it as-
sumes Gaussian distribution for both the intra-personal and
extra-personal differences. However, due to the complex
variation that people’s faces may have under different poses,
lighting conditions and expressions etc, the actual probabil-
ity distribution of the differences is more complicated than
Gaussian. Therefore, the simplified Gaussian assumption
restricts the performance of Bayesian method.

Naturally, one possibility to achieve higher perfor-
mance is to seek a better classifier which is more accu-
rate for this complicated two-class discrimination prob-
lem. Once such a classifier, say F (d) = sgn[G (d)], is
sought, we may define the similarity between two faces
F, and F, as the output of the classification function,
ie. S(Fy,Fy)=G(Fy—F;y). Larger S(F1,F2) im-
plies larger positive margin from the decision bound and
d = F; — F, is more likely to be an intra-personal differ-
ence, therefore F'; and F'5 are more similar in the sense that
they have the same identity. Along this path, more sophis-
ticated classifiers such as SVM [4] and AdaBoost [3][15]
have been employed recently. As an simple way to aggre-
gate weak classifiers into a strong classifier, AdaBoost [9]
has received much attention in recent years and is applied
successfully to face detection [14]. However, as discussed
before, it has several drawbacks which restrict its efficiency
and effectiveness.

In the two-class discrimination framework for face
recognition, we need a good classifier which is able to sepa-
rate intra-personal differences from the extra-personal ones.
From a geometric point of view, in the image space both
intra-personal and extra-personal differences have distribu-
tions symmetric with respect to the origin because F; — Fq
and Fy — F; necessarily belong to the same class. Fur-
thermore, intra-personal differences are surrounded by the
extra-personal ones since most intra-personal differences
have smaller magnitudes than those of extra-personal ones,
as depicted in Figure 3. Therefore, this specific two-class
problem belongs to the category of target detection where
the MRC-Boosting algorithm proposed in subsection 2.3 is
applicable.

3.2 Efficient MRC-Boosting algorithm for face
recognition

Although MRC-Boosting given in Figure 2 seems to
be directly applicable, there is another significant problem
which should be taken into consideration. Since here the
two classes to be discriminated are intra-personal and extra-
personal differences, the number of training samples is pro-
hibitively large. For instance, if we have 1,000 face images
as training data, the total number of the differences between

Intra-personal

difference

Extra-personal
difference

Figure 3. Face recognition as target detec-
tion: a geometric point of view

any two of them will be one million. In existing literatures
employing AdaBoost algorithm [3][15], sub-sampling strat-
egy has to be used to select a small part of samples for
training at a time, because searching weak classifiers us-
ing all the training samples is infeasible. Clearly, utilizing
the whole set of training samples is more desirable since
it will lead to least biased classifiers. Here we show that
with MRC-Boosting, it is able to directly take into account
all the training samples in a computationally efficient way,
thus overcome the problem of huge training set.

In the case of face recognition, during the training stage
we are given a set of training faces {x1,Xo,---,xXn},
with known identities {ci,ca,---,cn}. That is, the i-th
and j-th faces belong to the same subject if and only if
¢; = ¢;. Taking difference between each pair of training
faces generates N2 differences which constitute the train-
ing sample set. As in the general case of MRC-Boosting
discussed in subsection 2.3, each of these differences,

di;=x;—x; (i,j=1,2,---,N), carries a weight w;;.
Obviously we should have w;; = wj; since two symmetric
differences d;; and d;; = —d;; are equivalent.

In order to find the optimal weighted MRC projection
vector at each MRC-Boosting iteration, we should compute
the covariance matrix of all weighted intra-personal differ-
ences:

Sr= > wi(xi—x;)(xi—x;)"
i,j:¢ci=cCj
and that of the weighted extra-personal differences:
Sp= Y, wylxi—x))(xi—x;)"
i,j:ci#cC;

Direct computation of these two matrices is very ex-
pensive since the computational complexity is O(N 2D2)



where D is the dimensionality of the face images. Fortu-
nately, they can be computed in a much efficient way. We
define D-by-N matrix consisting of the training face vec-
tors X = [ X1 X2 XN ], N-by-N intra-personal
weighting matrix:

Wi , G = Cj

WI(Za]){ 0 7Ci7écj

and extra-personal weighting matrix:

,Ci:Cj

.. Wy 5 , Ci Cj
WE(Z7.])_{ O] ;é ’

It can be shown that (See Appendix A for the derivation):

S; = 2XW ;X7 3)
and

Sp = 2XWpX7” “4)
where W; = diag (Wre) — W7 and
Wg = diag (Wge) — Wg. Here e = [1, -, 1 ]T

and diag (v) denotes a diagonal matrix formed by the
elements of vector v. Therefore, with these expressions,
S; and Sg can be computed efficiently with complexity
(’)(N D?+ N 2D). Compared to direct computation, the
saving ratio is (N + D) : ND. Considering a typical
case N = D = 1000, that is 1 : 500. It can also be noted
that usually Wy is a highly sparse matrix, so that the
computation of Sy is actually less than O(N D2+ N 2D).

Through the efficient computation of the intra-personal
and extra-personal covariance matrices, we may utilize the
whole training sample set directly in a computationally fea-
sible way. Finally, this leads to an efficient MRC-Boosting
algorithm for face recognition, shown in Figure 4.

In the recognition phase, the face similarity function
S (p,g) defined in Figure 4 is used to find the most
similar gallery face g* for a probe p. The classifier
F (p,g) = sgn[S (p, g)] can be used for face verification.

4 Experiments

To validate the effectiveness and efficiency of the pro-
posed MRC-Boosting algorithm, face recognition experi-
ments are performed on CMU PIE database [10], compar-
ing our method to others. CMU PIE database contains
40,000+ images of 68 subjects, for each person we select
168 images which cover large illumination and pose change
and moderate variation in expression, constituting a very
challenging face database for recognition task. Face images
are cropped out from the selected images and resized to be

Given: Training faces {x1, X2, -+, Xy } and known identi-
ties {017027 R ,CN}.

Van, ei=¢;
lang ¢ # ¢
Ng are the numbers of the intra-personal and extra-
personal differences, respectively. The maximal num-
ber of weak classifiers K.

1. Initialize: w;; = { where N and

2. Fork=1,2,--- | K

(a) Compute intra-personal and extra-personal co-
variance matrices Sy and Sg, via (3) and (4), re-
spectively.

(b) Find optimal weighted MRC vector w through

WTSIW
wTSpw"

solving w = arg min
w

(c) Obtain a weak classifier:

fr (xi,x5;w,T) = { 1 else

The threshold T is determined by minimizing
classification error:

N N
€k = Zzwijl(fk (xi, %) # Nij)
i=1 j=1
+]. ,Ci = Cj
-1 Ja#c¢
(d) Updating weights:
Wyj — Z%cwij exp [—awAij fro (%4, %5)],
ap = % 1n 1=k and Z, is a normalization factor
2 £k
to ensure Zfil Z;V=1 w; = 1.

Output: Strong classifier F' (p,g) = sgn [S (p, g)], where
S(p,g) = Zszl o fr (p,g) is the similarity measure of
two faces p and g.

where \;; = {

where

Figure 4. Efficient MRC-Boosting algorithm
for face recognition

32x32. Samples from the 11,424 selected face images are
depicted in Figure 5.

Before our experiments, all these images are normal-
ized to be of zero-mean and unit-variance. The 168 im-
ages of each person are randomly partitioned in to 3 dis-
joint sets: 60 for training, 5 as gallery, and the remaining
as probe faces. It should be noted that this experimental
setting makes the recognition task fairly challenging due to
the small gallery size and large variation in probe faces. An

+1 ,‘WT (x; —xj)‘ <T



Figure 5. Samples of CMU-PIE face images
used in our experiments. Note that there are
large variation in pose, illumination and ex-
pression.

algorithm can perform well in such experiments only if it
is capable of learning a model of face variation from the
training data, and successfully predicting the possible vari-
ation for the limited set of gallery faces. Recognition is
performed using MRC-Boosting and other three representa-
tive methods, Bayesian method [6], Eigenface [11][13], and
AdaBoost [3][15]. Firstly, we compared MRC-Boosting
with Bayesian method to verify whether it can do better
in discriminating intra-personal and extra-personal differ-
ences, and Eigenface is used as a baseline method. MRC-
Boosting is trained on the training set, 500 features are ob-
tained in total. The dimensions of both the intra-personal
and extra-personal subspaces of Bayesian method are cho-
sen to be 125, a typical value used by [6]. The dimension
of Eigenface is also set as 125. The Cumulative Matching
Characteristic curves [7] of these three methods are shown
in Figure 6. These curves are obtained by averaging the re-
sults from 10 experiments. In each of the experiments, the
training images (60 for each person) are fixed, 5 out of the
remaining 108 are randomly chosen as gallery set, and the
others are used as probe images. The rank-1 recognition
rate of Eigenface only reaches 52.5%, implying the chal-
lenge of this experimental setting. Bayesian method has the
rank-1 recognition rate of 80.6%, superior to Eigenface be-
cause it directly models face variation which is critical for
recognition. Our MRC-Boosting method achieves 86.4%,
clearly outperforms Bayesian method. This result indicates
that MRC-Boosting method is capable of modeling com-
plex face variation better than Bayesian method does.

AdaBoost is another algorithm with the potential to build
a strong classifier, in order to compare the effectiveness of
AdaBoost and MRC-Boosting for face recognition, experi-
ments are performed under the same setting. AdaBoost is
trained with the candidate feature pool consisting of both
rectangular features and Gabor features, i.e. a superset of
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Figure 6. The average Cumulative Match-
ing Characteristic curves for MRC-Boosting,
Bayesian method, and Eigenface.

those used in [3] and [15]. Since the number of training
samples (differences) are prohibitively large (more than 16
million), resampling strategy suggested by [3] is taken. Fig-
ure 7(a) shows the curves of both algorithms’ error rate
on training data with respect to the number of features.
As more and more features added to the classifier ensem-
ble, decreasing error rate can be observed for both algo-
rithms. However, the error rate of MRC-Boosting is de-
creasing more rapidly than that of AdaBoost, implying that
the MRC-Boosting is able to find more discriminative fea-
tures at each iteration. Figure 7(b) shows the curves of
the rank-1 recognition accuracy on testing data with respect
to the number of features. Again, MRC-Boosting exhibits
more rapid increase, and ending up with higher recognition
rate than that of AdaBoost. This indicates that the feature
selection mechanism of MRC-Boosting is effective. On the
contrary, due to the large variation of faces involved in the
experiments, it is difficult for AdaBoost to find most dis-
criminative features from its weak classifier candidates, re-
sulting in its low recognition rate.

5 Discussion
5.1 Relationship with LPP

It may be noted that in subsection 3.2, the formulation
of weighted MRC shares some similarity with Locality-
Preserving Projections (LPP) [2]. The optimization of both
methods have similar form, and both can be solved through
generalized eigenvalue decomposition. The difference is
that MRC seeks a projection vector best discriminating two
classes (i.e. intra/extra-personal differences in the scenario
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Figure 7. Comparison of MRC-Boosting and
AdaBoost

of face recognition), while LPP tries to find a projection
vector best preserving locality relationship between sam-
ples in the high dimension space. Also, the similarity ma-
trix S defined in [2] and our intra-personal weighting matrix
‘W7 share a similar form, and so do W 7 and their Lapla-
cian matrix L. In LPP the weights in the similarity matrix
are set heuristically, whereas in MRC-Boosting, the weights
are dynamically adjusted through the learning process, au-
tomatically focusing on most informative face pairs.

5.2 Appearance vs. 3D model

MRC-Boosting face recognition algorithm is a pure ap-
pearance based method, it models all kinds of variation
of human faces in a general framework. 3D model based
methods often demonstrate better recognition performance
than appearance based methods, especially when there exist

large variation in pose and illumination in the face database.
For example, in [8] high recognition rates are reported on
CMU-PIE database by fitting a 3D morphable model, bet-
ter than that of our appearance based method. However,
3D model based methods necessarily involve fitting a 3D
model to all the face images, including every gallery and
probe faces, which is an expensive procedure. Moreover,
almost all 3D model fitting algorithms need manual initial-
ization. When the size of face database is large, 3D model
based methods are often unpractical. Therefore, appearance
based methods are usually more efficient.

On the other hand, our MRC-Boosting face recognition
algorithm can indeed be combined with 3D model based
methods. We have seen that MRC-Boosting is able to model
the variation of faces, actually it can also model the varia-
tion of features. We may apply MRC-Boosting to analyze
the features obtained through 3D model fitting, thus achieve
a better classification model than the nearest neighbor clas-
sifier usually used by existing 3D model based methods.

6 Conclusion

In this paper we proposed MRC-Boosting, an effective
classification algorithm aggregating MRC features through
the boosting framework. This algorithm is able to han-
dle complicated two-class classification problem, especially
the category called target detection problem where a target
class should be discriminated from the surrounding clutter
class. The training of MRC-Boosting is very efficient, at
each iteration the optimal feature is computed in closed-
form, which is much more efficient than searching a huge
feature pool or numerical optimization as done by many
other boosting based algorithms. Furthermore, we applied
MRC-Boosting to face recognition, and proposed a variant
of MRC-Boosting, which is able to utilize huge amount of
training samples efficiently. Face recognition experiments
on CMU-PIE database under a challenging setting demon-
strate the effectiveness of the proposed method.

Appendix

A The derivation of Equation 3 and 4

We consider the general case, where each difference
sample d;; = x; — x; is weighted by W (4, j) = w;;. We
have:



N N T
S = > wiy(xi — %) (xi —%5)
i=1;5=1
N N
=3 > w; (xl-xl + XX xliT — XX, )
=1j=1
N N N N
=Y xx; Y Wij + XJX;[ > Wwij
1=1 j=1 Jj=1 =1
N N N N
SR DY leXgT_ X5 wZJXzT
i=1 5=l j=1 " i=1
N N N N
=2 Y xxI'Y wij — Y > Wi XX
=1 j=1 1=17=1
= T
=2XWX

where W = diag (We) — W. Substituting W with W
and W g as are defined in subsection 3.2, Equation 3 and 4
are obtained immediately.
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